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Abstract. Let R be the homogeneous coordinate ring of a smooth projective 
variety X over a field k of characteristic 0. We calculate the X-theory of R 
in terms of the geometry of the projective embedding of X. In particular, if 
X is a curve then we calculate Kq (R) and Ki (i?) , and prove that K— i(R) = 
(BH^ {C, 0{n)). The formula for Ko(R) involves the Zariski cohomology of 
twisted Kahler differentials on the variety. 

Let R — kQ)Ri(B--- be the homogeneous coordinate ring of a smooth projective 
variety X over a field k of characteristic 0. In this paper we compute the lower 
if-theory {Ki{R), i< 1) in terms of the Zariski cohomology groups H*{X,0{t)) 
and H*{X, il'^{t)), where 0(1) is the ample line bundle of the embedding and ff^ 
denotes the Kahler differentials of X relative to Q. We also obtain computations of 
the higher iiT-groups Kn{R)/Kn{k), especially for curves. A complete calculation 
for the conic xy = is given in Theorem 4.3. These calculations have become 
possible thanks to the new techniques introduced in [1], [2] and [4]. 

Here, for example, is part of Theorem 2.1; _R+ is the seminormalization of R. 

Theorem. Let R be the homogeneous coordinate ring of a smooth d-dimensional 
projective variety X in . Then Pic(-R) = {R'^ / R) and 

Kq{R) ^ Z ®Fic{R) ® ^^_^^^_^H\X,n'x{t)), and 

We have = /or m > d, and K^d{R) ^ ®^.^^H'^{X,0{t)). 

If k has finite transcendence degree over Q then Kq{R)/'L and each K^m{R) o,Te 
finite- dimensional k-vector spaces. 

For example, if A = Proj(-R) is a smooth curve over k which is definable over a 
number field contained in fc, we show that Vt\. ® 0{t) ^x{t) induces: 

(0.1) Ka{R) = Z®Pic{R)®{nl(g)K^i{R)) , K^i{R) ^ ®ZiHHX,Ox{t)). 

We also have K^^^^R) ^ ® A_i(i?) for aU n > 1. (See Proposition 3.2(d).) 

When R is normal, (0.1) implies that Kq{R) = Z holds if and only if either (a) 
k is algebraic over Q, or (b) A_i(i?) = 0. Case (a) was discovered by Krishna 
and Srinivas [10, 1.2], while parts of case (b) were discovered in [25]. By Riemann- 
Roch, the vanishing of K^i{R) is equivalent to the vanishing of the vector spaces 
-ff°(A, ,j,(— t)) for t > 0, which is a delicate arithmetic question (unless, for 
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example, the embedding has degree d > 2g — 2). Note that case (b) clarifies Srinivas' 
theorem in [17] that when fc = C and H^{X, 0(1)) ^ we have Ko{R) ^ 1. 

Still assuming that X is a curve, suppose in addition that A; is a number field; 
then nl = and hence Ko{R) = Z© (i?+/i?). We also establish (in 1.17 and 2.12) 
the previously unknown calculations that 



(0.2) Ki{R) = e 



0i?°(X,17^/,(t)) 



,t=i 



/n],/„ K^iR) = Mk) (B tors n],/„ 



(0.3) i^„(ii) = Kr,{k) © HCn-i{R)/HCn-i{k), n>3. 

The Ki formula (0.2) is a clarification of a result of Srinivas [19]. When k is not 
algebraic over Q, formulas (0.1), (0.2) and (0.3) need to be altered to involve the 
arithmetic Gauss-Manin connection; see Proposition 3.5 and Example 3.6. 

For any smooth d-dimcnsional variety X, Ko{R)/'Z is the direct sum of the 
eigenspaces Kq \r) of the Adams operation, 1 < i < d + 1 = dim_R, and we give 
a formula for these eigenspaces. For example, the top eigenspace, Kq'^^^\r), may 
be identified with the Chow group of smooth zero-cycles in Spec(i?); we show that 

As pointed out in [10], the normal domain R/. = k[x,y, z]/{x'^ + y" + z") has 
KoiRq) = Z but if n > 4 then H'^{X,0{1)) is nonzero while Kq{Rc)/Ij is a very 
big C- vector space; by (0.1), it is the direct sum of the Oj. ® H^{X, 0{t)), t > 1. 

We also obtain reasonably nice formulas for the eigenspaces i^4*^(i?)whenn>0 
and i > n; see Theorem 1.13. To illustrate the range of our cohomological results, 
consider Ki{R) when X is a smooth curve and R is normal; we have Ki{R) = 
fc^ © k[^\r) © k[^\r), where 

k['\r) - [^2,^°{X,n],{t)) /n],, and 

■DC 

(0.4) K['\R) = ^cokei{nl®H''{x,n],/,{t)) A nl® H\X,Ox{t))}. 

The map V in (0.4) is a twisted Gauss-Manin connection (see Lemma 3.4). In 
Section 3, wc prove that if n > 1 then K^~^^\r) contains (8)q k'^'^^~^ as a 

direct siimmand provided that either 

(a) X has genus g and is embedded in by a complete linear system of degree 
d, with d > 2g — 1, or 

(b) X is induced by base change to k from a curve defined over a number field 
contained in k. 

(See Theorem 3.8 and Example 3.9.) In particular k[^\r) ^ 0, and in general, 

K^^^\r) 7^ if n — 1 < tr. deg(fc/Q). Observe that the case n = 1 improves the 
result of Srinivas in [19, §1] that there is a surjection from Ki{R) = Ki(R) / Ki(k) 
to H^{X, ^x/f,{l)) and hence that Ki{R) ^Qiid>2g+l. 

Finally, in Theorem 4.3 we give a complete calculation of the ii'-theory of the 
homogeneous coordinate ring of the plane conic, i? = fc[x, y, z]/ (xy — z^). 

This paper is organized as follows. In Section 1, we reduce the calculation of 
Kn{R) to a cd/i-cohomology computation and knowledge of HCn-i{R)- This relies 
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on the basic observation that cones are A^-contractible, so that the reduced K- 
theory Kn{R) = Kn{R) / Kn{k) can be calculated in terms of NKn{R), making 
our previous calculations (see [1], [2], [4]) applicable. Several of the formulas we 
obtain are valid for general graded algebras of the form R = k (B Ri (£>■■■ ■ We also 
specialize these formulas to the case when dimi? 2, and obtain an expression for 
Kn{R) in terms of cdh cohomology and cyclic homology (n > 1). 

In Section 2 we compute the cdh terms in the formulas of the previous sections 
for the case when R is the affine cone of a smooth variety. In Section 3, we return 
to the case when the graded coordinate ring has dimension 2, that is, we investigate 
cones over smooth projective curves. Finally, in Section 4 we apply the techniques 
of this paper to completely determine the if-theory of i? = k[x, y, z]/{xy — z^). 

Notations: Throughout this paper we consider (commutative, unital) algebras 
over a fixed ground field k, which we assume has characteristic zero. Undecorated 
tensor products (8> and differential forms O* are taken over Q; we write ®k and Q.*^. 
for tensor product and forms relative to k. Similarly, cyclic homology is always 
taken over Q. If is a functor defined on schemes over k, we will write F[R) 
for F(Spec(i?)). If R is an augmented fc-algebra (for example, the homogeneous 
coordinate ring of a variety) , and F is a functor from rings to some abelian category, 
then we write F{R) for the (split) quotient F{R)/F(k). 

1. iC-THEORY OF GRADED ALGEBRAS 

Throughout this section, we let R = Rq® Ri® ■ ■ ■ be a finitely generated graded 
algebra over a field k of characteristic such that Rq is a local, artinian fc-algebra 
whose residue field is isomorphic to fc as a /s-algcbra. These conditions ensure 
that the map Kn{R) Kn{k) induced by the composition oi R ^ Rq ^ k is 
a split surjection. For example, Rq might be k itself, and indeed for most of the 
calculations in this paper, one may as well assume i?o = k. Let VdR denote the 
unique graded maximal ideal of i?; that is, ma is the kernel of the split surjection 
R^k. 

We let Rred denote the reduced ring associated to R. It is a graded ring whose 
degree piece is the field k. We let R denote the normalization of Rred (i-e., 
the integral closure of Rred in its ring of total quotients). It is well known that 
R= Rq® R\(B ■ ■ ■ is graded, that Rq is a product of fields, and that Pic(i?) = 0. 

We let i?"*" denote the semi-normalization of Rredi that is, the maximal extension 
of Rred inside its total quotient ring Q such that for all x € Q, x^,x^ £ i?"*" 
implies x G see [20]. Alternatively, Spec(i?+) — )• Spec{Rred) is a universal 
homeomorphism. 

We are interested in computing the kernel A'„(i?) of the spht surjection Kn{R) 
Kr,{k), forn = 1, 0, -1, . . . , 1 - d. (By [1], Kn{R) = NKn{R) = for n < -d.) In 
general, for any graded ring R = Rq® Ri® R2® . . . . the groups Kn{R) are known 
to be i?o-niodules (see [22]), and hence (since Rq contains Q) they are uniquely 
divisible as abelian groups. Thus there is a decomposition Kn{R) = ^^Kn\R) 
according to the eigenvalues k^ of the Adams operations V'°- 

Rem,a,rk 1.1. Suppose that the pimcturcd spectrum, Spec(i?re(i) \ {ttik}, is non- 
singular. Then the conductor c to the normalization R of Rred is rriij-primary. An 
easy calculation shows that the seminormalization of Rred is 

R+ = k®R-i_®R2®-- - , 
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with RIR+ = Ro/k and R+/Rred = R/{Ro + Rred)- Then K^'\r) = K^n\R) for 
n < 1, with two exceptions: K^\R) = 0, and k[^\R) = nil(i?)/ nil(i?o). The 
problem of computing R/Rj-ed (and hence R'^ /Rred) is hard. 

The main results of this section, Theorems 1.2 and 1.13, are formulated in terms 
of the cdh cohomology groups H*^yi{R">^^) introduced in [1] and [2], where the 
Kahler differentials, fi* = f^!_/Q, are taken relative to the base field Q. By [4, 2.5] , we 
have that H^^^{R,0) = R+. For simplicity, we write H^^{R,n')/dH^^{R,n'-'^) 
for the cokernel of the map d : H^y^{R, H^^^R^ ^0 induced by the Kahler 

differential. Theorem 1.2 will follow from Proposition f .5 and Theorem f .12 below. 

Theorem 1.2. Let R = Rq (B Ri (B • ■ • be a finitely generated graded algebra over 
a field k of characteristic 0. Assume Rq is local artinian with residue field k. Then 
the Adams operations induce an eigenspace decomposition: 

dim R-1 

Ko{R)=Z@R^/Rred@ Hl^^{R,^l')/dHl^^{R,^l'-^). 

i=l 

The negative K-groups are given by 

dim R—jn — l 

1=1 

for m > 0. Here, K^^\R) = 'L,k''^\r) = R+ /Rred, K^-l{R) = H^dhi^^O) and 
the groups indexed by i are Kq^^'' and K^J^'^\r), respectively. 

By [23, 1.2 and 2.3] we have KH^{R) ^ KH^{Rq) ^ K^{k), and thus by [2, 1.6], 

we have 

(1.3) k^{R) = n,,FK{R) = T^n-iJ^HciR) for all n. 

Here, Thc{R) = J^hc{R/Q) is the homotopy fiber of HC{R) Hcdh(i?, i?C), 
with cyclic homology taken relative to the subfield Q of fc, so that there is a long 
exact sequence 

> HCn{R) ^ H-JJ^(i?, HC) ^ Kr,{R) ^ HCn-i{R) ^ ■ • • • 

These groups all have A-decompositions and the maps in this sequence are compat- 
ible with these decompositions (see [3]), but there is a wcig ht shift in that kI(^ (R) 
maps to H&^ZiiR). We have k'^\R) = for all n because J^Hci^) - 0- 
Moreover, by [2, 2.2] we have W^^^^iR, HC'^'I) ^ B.li+'^{R, fi^*), so the long exact 
sequence becomes 

(1.4) . . . HcfHR) ^ Kdl^'-'iR, ^ Ki'KR) ^ Hctl\R) ■■■■ 

The general picture is given by the following proposition. 

Proposition 1.5. Let R = Ro®Ri(B - • ■ be as in Theorem 1.2. Then K^\r) = 
for all n. For n <0, or for n > and i> n + 2, we have 

K(:\R) ^ mlil^-\R, n<% except for (n, i) = (0, 1), 
In the exceptional case, K^^\R)=Pic{R)=R+/Rred. 
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Proof. The group HCn(R) vanishes for n < and is R for n = 0. Similarly, 
HCn\R) vanishes for i > n > 0. The proposition now follows from (1.4) and the 
fact that -ff°dft(-R, O) = R+ by [4, 2.5]. □ 

To go further, it is useful to invoke the following trick, using the standard A^- 

contraction of a cone to its vertex. 

Standard Trick 1.6. If i? is a positively graded algebra, there is an algebra map v : 
R — > R[t\ sending r G i?„ to rt". If F is a functor on algebras, then the composition 
of 1/ with evaluation att — factors as R ^ Rq ^ R, so F(R) F{R[t]) F(R) 
is zero on the kernel F{R) of F{R) F{Rq). Similarly, the composition of with 
evaluation at i = 1 is the identity. That is, ly maps F(R) isomorphically onto a 
summand ofNF{R), and F{R) is in the image of the map {t = 1) : NF{R) F{R). 

The following technical result is crucial for our calculations; it asserts that many 

SBI sequences decompose into split short exact sequences. We write Thh and J^hc 
for the homotopy fibers of HH{R) ->■ ]H[cdh{R,HH) and HC{R) B.cdh{R,HC), 
respectively. Then we have distinguished cohomological triangles 

Hcdh(-R,iJC)[-l] 4 Hcdh(i?,irC)[l] 4 McMR.HH) 4 Hcdh(i?,iJC). 

Lemma 1.7. If R = Rq (B Ri (B ■ ■ ■ is a graded algebra then for each m the map 
TTm^HciR) — ^ '^m-2J^Hc{R) is zcro, and there is a split short exact sequence: 

-Km-lJ^HciR) TTmJ^HH{R) -4 TTmJ^HciR) 0. 

Similarly, there are split short exact sequences: 

^ KA'iR, HC) -4 HSh(i?, HH) A tSh(J?, HC) ^ 0. 

and 

^ i^d-h (i?,f2<^) A H:^^\R,n') A m^^M^-) ^ o. 

Proof. The third sequence is obtained from the second one by taking the i*^ com- 
ponent in the Hodge decomposition, described in [2, 2.2], and setting n = 2i + m. 
For the first two sequences to split, it suffices to show that / is onto and split. 

By [2, 2.4], THH{k) = J^Hc{k) = 0, so Thh = ^hh and Thc = ^hc- By the 
standard trick 1.6, it suffices to show that the maps NiimJ^HH^R) — ^ NiTmJ^HciR) 
and A^HJ?^!^ NI¥^^^^{R, HC) are onto and split. But they are split 
surjections, as is evident from thc respective decompositions of their terms in [4, 
3.2] and [4, 2.2]; M^dhiR, NHH'^''^) ~ Hcdh(i?, iVffC«) © Hcdh(i?, iViJC^*"!)) and 

Splicing the final sequences of Lemma 1.7 together, we see that the de Rham 
complexes are exact in crf/i-cohomology: 

Proposition 1.8. The following sequences are exact: 

(1.8a) ^ ^ i?+ A ^Oah(^, ^ H^i^, O^) ^ ■ • • 

(1.8b) ^ H^^^iR, O) A A ^^)^---, m > 0. 

Note that the first complex is the cdh reduced de Rham complex. 



6 



G. CORTINAS, C. HAESEMEYER, M. E. WALKER, AND C. WEIBEL 



An analogous exact sequence 

• • • — > T^m--lJ^HH{R) T^m^HH{R) ^ T^m+l^HHiR) ^ • • ■ 

is obtained by splicing the other sequences in 1.7. Using the interpretation of their 
Hodge components, described in [4, 3.4], produces two more exact sequences: 

Proposition 1.9. The following sequences are exact: 

(1.9a) nil(i?) tors tors ^\ tors Q^j • • • 

(1.9b) ^ {R+/R) -^nU{R)/^R ^ ^IM/^I ^ • • ■ • 

Here we have used the following notation 

(1.10) nuiR) ^ H°,^^{R,n^) 

(1.11) torsn}, = kevin},^nU{R)) 

If R is reduced then torsfi^ is the usual torsion submodule, by [4, 5.6.1]. 
We can now make the calculations necessary to deduce Theorem 1.2. 

Theorem 1.12. Let R = Rq(BRi(B - • ■ be a graded algebra, finitely generated over 
a field k of characteristic 0. Assume Rq is local artinian with residue field k. Then 
we have 



dR 

coker{iJ,V(^> ^''^) ^ KAR^ ^')]^ 1 > 0; 



q>d.mi{R). 



Proof. The Cartan-Eilenberg spectral sequence for is 

'El^' = H^^^iR, =^ Kl^iR, ^-') (0 < P < i, g > 0). 

(See [24, 5.7.9].) Since H°^^^{R, Qp) = Ql®H°^^^{R, 0^), the row g = is the brutal 
truncation of the direct sum of the de Rham complex of k over Q and the complex 
(1.8a), which is acylic by Proposition 1.8. Since H^^^^{R,nP) = HI^^{R,Qp) for 
g > 0, the other rows on the iJi-page are the truncations of the complex (1.8b), 
which is also acylic by 1.8. Hence the spectral sequence degenerates at E2, yielding 
the calculation. Note that the last possible nonzero group is H*^^™ ^~^{R, fl-'^) = 
^cdh ^~\R^ by the cohomological bound in [2,2.6]. □ 

Proof of Theorem 1.2. Simply plug the calculations of Theorem 1.12 into those of 
Proposition 1.5 to get the asserted result. □ 

We conclude the section with a calculation of the higher fC-theory of R in terms of 
Kahler differentials, the cyclic homology of R and the cd/i- cohomology of Spec(i?). 
In the next section, we will reinterpret Theorems 1.13 and 1.15 in terms of the 
Zariski cohomology of X = Proj(i?). 

Theorem 1.13. Let R = Rq® Ri® ■ ■ ■ be a finitely generated graded algebra over 
a field k of characteristic 0. Assume Rq is local artinian with residue field k. Then 
for n> 1 we have: 

(a) K^\R) ^ HC^JZPiR) whenever < i < n; 

(b) Ki"'\R) ^ tors fi^-Vrf tors O^-^. In particular, k[^\R) ^ nil(ii) and 

kf\R) ^ torsf2V<^nil(i?). 
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(c) K^r'\R) - coker{n--^{R) A n^M/^li]- 

(d) K^{R) - coker{//;-i|"+^)(i?,r!-2) Jf^^f (i?, ^i-i)} wheni> n+2. 

Proof. By Theorem 1.12, we have HJ?^j^(_R, 17-*) = whenever m <i {i.e., q < 0). 

Substituting this into (1.4) gives assertion (a), because HCn\k) ^dJi^^ 
also holds. Taking m = i, it also gives exactness of the top row in the diagram: 

> kL"\r) > ^I:r/V) > h:^^\R)/dn:^^\R) 



B 



B into 



k 



n+1 



— , torsns+^ — > i^rvi^r' — > 

The other two rows are exact by definition, see (1-11). The two right columns 
are exact by [24, 9.9.1] and (1.8a), respectively. By a diagram chase, K^r\R) 
is the kernel of torsil^ — >■ torsfi^"''^. Part (b) now follows from (1.9a). Part 
(c) is immediate from (1.4), given the following information: H"jjj(ii, fi-") is the 

cokernel of d : f7"dh^(i?) ^ ^"dhiR) by Theorem 1.12, Hdn\R) = nyd^Tj^ and 
HCl^\{R) = 0. Part (d) follows from Theorem 1.12 and the formula K^'\r) ^ 
JHcdh"~^(-R. ^^*) for i > n + 2, which is Proposition 1.5. □ 

Corollary 1.14. If i > n and {n,i) ^ (0,1), the map K^\R) K^\r+) is an 
isomorphism. 

Proof. For n > 1, it follows from Theorem 1.13, and for n = 0, it follows from 
Proposition 1.5. □ 

If the dimension of i? is 2 (for example, if R is the cone over a projective curve), 
then the calculations of Theorem 1.13 apply to compute the higher iC-groups of R, 
but here the more dominant role is played by Kahler differentials. As in (1.10), we 
write Qi^^iR) iov H°^^{R,n% 

Theorem 1.15. Assume dim(ii) = 2 and that R is reduced. Then we have: 

(1) Ki{R) = fcx e k[^\r) e k[^\r) with K^\r) = for all i > 4, with: 

k['\r) = nUiR)/in],^ + d{R+)), and 

K['\R)^ul^^iR,n^^)^cokev{Hl^^{R,n') ^ ^^')}; 

(2) K2{R) ^ K2{k) © torsl^ij ® K'i\R) ® k'^^\R) with 

K^i\R) ^ nlM/i^l + d^Uim and 
Ki^\R)^cokev{H',^^{R,fl^) A H',^^{R,n^)}; 
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(3) For all n>3, Kn{R) = Kn{k) © 0"+2^ K^niK), where 

(i-i) 

i/C„_i (i?), i < n, 

tors 0^"V<i tors ri^"^, i = n, 



coker{n-^-^{R) ^ ^ll^^{R) / il^^) , i = n+l, 

[coker{i7idJi?, O") ^ Hl^^{R, i = n + 2. 



Proof. For n = 1 we see from Remark 1.1 that k'\^\r) = nil(i?) = 0, and from 
Theorem 1.13(c) that Kf\R) is the cokernel oi d : R+ ^ ^.^^^{R)/^]^. Since 
R^ ^cdh(-^) factors through ^^^+, the description of Kf'\R) follows. Prom 

(1.4), we have Kf\R) ^ M^^^^^R, n^^), which is described by 1.12, and Kf\R) = 
M.l^l^{R,n<^) for i > 4, which vanishes because W^^^^{R,n<') = for to > 1 + i 
by Theorem 1.12. 

For n> 2, K^\r) was described in Proposition 1.5 and Theorem 1.13. □ 

Lemma 1.16. Assume that R = k(BRi(B - ■ ■ is graded and dim(i?) = 2. Then for 
all i > 2: 

^R/k/di^R/\) = torsO^/,Mtorsf7«^-/,). 

Proof. For i > 3 the i?-module ^^^/^ is torsion because Ql^^^{R/k) = 0. For i = 2 
we simply chase the diagram 

torsO^/^ > tors fll/i^ > ^ors fl%^^ > torsO^/^ 



comparing the exact sequence for torsQ^^j., analogous to (1.9a), to the de Rham 
sequence for l^^/j, (which is exact by [24, 9.9.3]). □ 

Proposition 1.17. // k is algebraic over Q and R — k (B Ri ® ■ ■ • is seminormal 
of dimension 2, then: 

a) K,iR)=k-(BnUiR)/^R; 
b) K2{K) = K2{k)(Biorsn\^; 

c) Kn{R) ^ Kn{k) © HCn-i{R), n > 3. 

Proof. These assertions are special cases of Theorem 1.15. Using Lemma 1.16 for 
n > 3 we have 

K^^'^R) ^ tors fi^-Vrf tors $7^-2 ^ fl'}^-^ / dfl"^-^ = H&^-^^\R). 

By (1.8a), K^^'^\r) is a subquoticnt oi9.'^^^{R) and vanishes for n > 2; by (1.8b), 
K^~^'^\r) is a subgroup of H^^^{R, Jl"+^) and vanishes for n > 1. □ 

We conclude this section with two classical examples for which Spec(i?) has a 
smooth affine cdh cover, so that is easy to determine. 

Example 1.18. The cusp R = k[t'^,t^] has R+ = k[t] and k[^\r) = nl^Jd{R+) = 
fll (cf. [12, 12.1]). The computation of Kn{R) for n > 2 is also easily derived from 
Theorem 1.13, and stated explicitly in [6, 6.7]. 
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Example 1.19. The seminormal ring R = k[xi,X2,yi,y2]/ {{xii/j : 1 < i,j < 2}) is 
the homogeneous coordinate ring of a pair of skew hnes in P|. Its normaUzation 
is i? = k[xi,X2] X k[yi,y2], and Spec(i?) Spec(i?) is a cdh cover. It is easy to 
see that H^^^^{R, fl^) = 0, and fi^ ^cdh(-^) * 7^ 0. Applying Theorem 

1.15, we see that Ko{R) = Z, K-i{R) = and = 0. This recovers a classic 

result of Murthy in [15]. If k is algebraic over Q then we also have torsf^Jj = fc^ 
(on the Xidyj), toisflj^ = k'^ (on the dxidyj) and = 0, so by Proposition 1.17 
we have 

K2{R) = K2{k)®k'^, while Kr,{R) = HCn-i{R) for all n > 3. 

2. AfFINE cones of SMOOTH VARIETIES 

Let X be a smooth projective variety in P^, and let R = k (B Ri (B R2 ® ■ • ■ be 
the associated homogeneous coordinate ring. We will write L for the pullback to X 
of the ample bundle 0(1) on P^, and if is a quasi-coherent sheaf on X, we write 
T{t) for F®Ox III this section we compute the cdh cohomology of Spec(i?) and 
use it to compute the if-theory of R, via Proposition 1.5. The main result is the 
theorem below, computing the non-positive iiT-groups of R. Later in this section, 
we give partial calculations of the positive iiT-groups. 

Recall from Proposition 1.5 that K^^}n{R) = for all m > and K^\r) = 
for n > 0. Thus we are interested in K^^\r) for i > 0. 

Theorem 2.1. Let X be a smooth projective variety in with homogeneous 
coordinate ring R. Then 

K^o'\R) = R+/R = H°{X, Ox{t))/Rt, and 

K^'HR) = 0^"^ H\X, 0^(i)), for all i > 1. 

For any m > 0, and all i>0, we have: 

K^i'HR) = ^'^^^H"^+\x,ni,it)). 

If k has finite transcendence degree over Q then each vector space Ko{R)/Z and 
K-rn{R) is finite- dimensional. 

A few parts of Theorem 2.1 are easy to prove. The formula Kq^\r) = R'^ / R is 
given in Proposition 1.5. Since Spcc(_R) \ {in^j} is regular, we see from Remark 1.1 
that i?"*" agrees with the normalization i? of i? in degrees t> Q, and it is well known 
that R = ®ZoH°{X,0{t)); see [7, Theorem 7.16] and [26, Ch VII, §2, Remark 
at the bottom of page 159]. This yields the first display. The final assertion, when 
tr. deg.(A;/Q) < 00, follows from the fact that each fi^ is a coherent sheaf; for each 
q > the H'^{X, fl\-{t)) are finite-dimensional, and only finitely many are nonzero, 
by Serre's Theorem B ([5, 111.5.2]). 

The proof of the rest of the theorem will be given in Corollary 2.5 and Proposition 
2.11, building upon several intermediate results. 

To compute the cdh cohomology of Spec(i?), we will use the blowup Y of Spec(i?) 
at the origin (i.e., at m/j). The following description of Y is well known. 

Lemma 2.2. The exceptional fiber of n : Y ^ Spec(i?) is isomorphic to X and 
there is a projection p : Y ^ X identifying Y with the geometric line bundle 
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Specjf (Sym(L)) over X , with sheaf of sections L* . Moreover, the inclusion of the 
exceptional fiber X into Y is the zero section of the bundle p :¥ ^ X. 

Proof. The exceptional fiber is Proj of the Rees algebra 0m'/m'+^, which is just 

R, and X = Proj(i?) by construction. For each a; G the affine open D+{x) of 
X is Spec (A), where i?[l/a;] = ^[x, l/x], and the line bundle L" restricts to the 
^-submodule x^A of R[l/x\. 

Wc now consider Y = Proj(i?[mi]). For x G and xt G Rit, the afhne 
open D+{xt) in Y is Spec(i?), where i?[tnf][l/a;t] = B[xt,l/xt]. The graded map 
R = ®Rif — )• R\mi\ induces a projection F — > X as well as an inclusion of A[x\ in B. 
This is onto, since B is generated by elements of the form rt™ /(xt)"^ = (r/a;").T"~™ 
for r G n > m. Hence B = A[x]. This shows that Y is the geometric line bundle 
over X, associated to the locally free sheaf L (see [5, Ex. II. 5. 18]). □ 

By [1] and [2], we have split exact sequences 

(2.3) ^ H\{R, T) ^ Hl,,{Y, T) © T{k) ^ F) ^ 0, 

^ iJ.'SJi?, F) ^ HZAY. J") ^ HZiX, F) ^ 0, for m > 0, 

when F is one of the cdh sheaves O or 0% or a complex of cdh sheaves of the form 
fi-'. Thus the calculation of H*^^{R, F) is reduced to the calculation of H*^AY, F). 

Lemma 2.4. We have H°^^{R, O) = R+ and H^^^{R, O) = 0^"^^ if™(X, Ox{t)) 
for m > 0. 

Proof Since p is afRne, H*^,{Y,Oy) = H*^,{X,p,Oy), and p.Oy = Sym(L) by 
Lemma 2.2. Hence H"^{Y, O) = H^^^X, 0{t)) for all m; if m = 0, this equals 

R+. Now apply (2.3). □ 

From Proposition 1.5 and 2.4 we deduce the case Xi^^ of Theorem 2.1. For 
comparison, recaU that k[^\R) = Pic(i?), k'^\R) = R^ = k"" and K^\R) = 
for all n > 2 by Soulc [16]. 

Corollary 2.5. For m > we have 

DO 

K^^M = HTM = H^{X, Ox{t)). 

t=i 

Remark 2.6. This clarifies results of Srinivas in [17, Thm. 3], [18] and Weibel [25], 
which observed (when X is a curve) that the right side of the display in Corollary 
2.5 is an obstruction to the vanishing of Ko{R) and K-i{R). 

There is an exact sequence — > p*i^x ~^ ~^ ^y/x ~^ of sheaves on Y. The 
relative sheaf ^y^-^ is the line bundle p*L, and so we deduce exact sequences for 
aU i > 1: 

^ p*^)^ P*i^x^ (g) L) 0. 

Since p*p*F = F^Sym{L), applying p* yields (graded) exact sequences of sheaves 
on X for all i > 1: 

(2.7) ^- O Sym(L) p^n\r Ct^^ L O Sym(L) 0. 
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Lemma 2.8. The sequence (2.7) determines a graded split exact sequence 

oo oo 
t=0 t=l 

for each i >1. The left-hand map is an isomorphism in degree 0, and in degrees 
t>l, its splitting is a consequence of the fact that the composition 

(2.9) h:,,{x, nS,{t)) ^ h:,,{y, fiv) ^ h:,,{y, n^^) ^ h:,,{x, nS,{t)) 

is an isomorphism. 

Proof. It follows from (2.7) that we have a (graded) exact sequence 

oo oo 

• ■• 4 ^H:,,{x,n),{t))^H:,,{Y,nv)^^H:.r{x,n^\t))A ■■■ 

Therefore, the assertion that (2.9) is an isomorphism implies the first assertion. 
Referring to the maps of (2.7), it suffices to show that the composition 

n'x (S> Sym(L) pM\. p^n^^ ® L (g) Sym(L) 

is the evident graded surjection, with kernel fix- -^ut, in the notation of the proof 
of Lemma 2.2, it suffices to look on the affine D+{x) = Spec(A) of X, and here this 
is the map n\ ®a A[x] il^ (S^a ^a[x]/a sending u! ® to a; Cg' nx"-^^ dx. □ 

Example 2.9.1. In particular, H"{X, f^^(<)) H°{Y, O^,)* Rt ^ is exact 
for t > 1, and the composition Ri — > H'^{Y, fiy)* Rt is an isomorphism. 

Corollary 2.10. For i >1 and m > 1 we have: 



oo 

H^^^iR, n^) - HZ{X, n\t)) © HZiX, n'-\t)). 
t=l 

The cokernel ofni'^iR) A 17*dh(^) d^k^ ® ®ZiH^^r{X,flxit)), ^nd the 

cokernel of H^^{R,n'-^) A HJ^^{R,n') is the summand H^r(X,n'xit)). 

Proof. The first assertions follow from Lemma 2.8 and (2.3). The cokernel asser- 
tions follow from this using (1.8a), (1.8b) and induction on i. □ 

We may now deduce the remaining cases of Theorem 2.1, the main theorem of 
this section. Recall that K^^l{R) is ®tH"^{X,0{t)) by Corollary 2.5. 

Proposition 2.11. For i>l, we have 



K^ii^\R) ^ H™f ^(ii, O^') ^ H^+\X, fl\{t)), m > 0. 

t=i 



Proof. The first isomorphism is Proposition 1.5. The second isomorphism is estab- 
lished in Lemma 2.8, using the isomorphism 

H^+^'(i?,n^^) -coker{i/™+^(i?,n-i) A iJ^'S+^i?, fi^} 
of Theorem 1.12. □ 
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The proof of Theorem 2.1 is now complete. We next deduce partial information 
about the groups Kn{R) for n > 1. 

Proposition 2.12. Let X he a smooth projective variety in with homogeneous 
coordinate ring R. Then for all n> I we have graded isomorphisms: 

Ki"+'\R) ^ coker jo^/dOr' ^ ^^H\X,Ql{t))^ ; 

■OO 

Ki'^ (R) = H'-"-\X, 0^-1 (i)), i>n + 2. 

1=1 

The graded decomposition oj kIi'^^\r) = ^'^^ K^~^^\R)t is: 

Ki-+'\R)t - coker {{ni/dni-')^ ^ H%x,n^^it))} . 

Proof. By Theorem 1.13(c), 

= coker {nydn--' ^ n:M/dn:^^\R)) • 

Since H°^^^{R,n'') = ^^"dh(-R)/^fe and C fl'^, we see from Corollary 2.10 that 
this is the cokernel of il^/dfi^-^ 0^"^^ H°{X, (i)), as claimed. □ 

Remark 2.13. When X = is embedded in P^ as a subvariety of degree d > r, 
our L* — Ox(t) agrees with Opr(d-t), because it is the pullback of OpN(t) to 

^ k 

X = P^. Similarly, the terms written as ^xi^) '^^ Proposition 2.12 should be read 
as Clpr Opr(d-t). 

k 

3. Cones over smooth curves 

In this section, we focus on the case when X is a curve (i.e., a smooth projective 
variety of dimension one, embedded in P^), and apply the results of Sections 1 and 
2 in this case. Recall from Theorem 2.1 that K-m{R) = for m > 1. 

The simplest case is when k is algebraic over Q. In this case, we know from 
Proposition 1.17 that K2iR) = torsl^Jj and if n > 3 then K„{R) ^ HC„-i{R). It 
remains to describe the situation when — 1 < n < 1. 

Lemma 3.1. Suppose that k is algebraic over Q and that R is the homogeneous 
coordinate ring of a smooth curve X over k. Then K-i{R) = (B^iH^{X,0{t)), 
KoiR) =1®{R+/R) and Ki{R) = ®^^^H''{X,n],i^{t))/n\^/^. 

Proof By Theorem 2.1, K^\r) = for i > 3 and K'f[{R) is zero for i > 2, while 
K'^liR) is the sum of the i?i(X,C»(i)) by 2.5. By Serre Duality, K^^\R) is the 
sum of the H^{X, flx/ki*)) = H°{X, Ox{-t))*, which are zero for all t > 0. 

The formula for Ki{R) is immediate from Propositions 1.17 and 2.12. □ 

Proposition 3.2. Suppose that R is the homogeneous coordinate ring of a smooth 
curve X over a number field F contained in k. Then for Rk = R^f k: 

(a) Fori<n we have K^\Rk) = e;=o ^k®F K^^Z^\r). 

(h) For all n>2, Ki''\Rk) ^ ®;z^ ®f K^/HR). 

(c) For alln>l, Ki"-~^^\Rk) ^ fl^'^ k[^\R). 
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(d) For all n > 0, K^n+^\Rk) = ^1+^ ®f K^i{R) ^ ^1+^ ®k K^i{Rk). 

Proof. Write (8) for ^p. Part (a) is immediate from Theorem 1.13(a) and Kassel's 
base change formula HC^Rk) = ^1® HC^R). (See [8, (3.2)].) 

For (b), recall that kt\Rk) = tors 0^;Vc^ tors fij;^ by Theorem 1.13(b). By 
the Kiinneth formula, torsfi^^ = ©p+g=„ri^ CSitorsfJ^. Filtering by p > yields a 
2-diagonal spectral sequence computing the kernel and cokernel of d : tors ^ 
torsO^^, with E^^'^ = O^OtorsQ^-^ and E^^-'^'^ = 0^(8)torsO^-''-\ By (1.9a), 
we have iJf''^' = 0^0 -^^+VH^) and E^''^'^ = nl®d torsOj-^-^ Given a in 
Ct^ and dr in d tors fi^"*'"^, d{a ® dr) = da iS> dr = d{da (g) r) in torsO^^, which 
shows that d^ = and establishes (b). 

By the Kiinneth formula and Proposition 2.12, Kn^^^\Rk) is the direct sum 
over p + q = n of the cokernels of the maps 

ni®ft%^ni® H'^iY, Of,) ^QP® ®tH°{X, 0«,(i)). 

For q — i), the composite is the identity map of il^CSiR- For g = 1, the composite is 
O^"^ tensored with the map ®tH°{X,n]^{t)) defining k[^\r). For q>2, 

the right side is zero. This establishes part (c). 

Since K_i{R) ^ H^{X,0{t)), part (d) is just Proposition 2.12, together with 
the Kiinneth formula that H^{Xk, O^Jt)) is the direct sum of fl^ O H^{X, 0{t)) 
and O^"^ O H'^{X, 0.]c{t)), which is zero for i > by Serre Duality □ 

When k/Q is transcendental, we will use a variant of the arithmetic Gauss-Manin 
connection H^j^{X/k) — )• Oj. (8) H^if^{X/k), or rather its (fc-linear) filtered piece 

V : ifO(X,0^/fe) ^fll® H\X, Ox) 

as described in [9, Thm. 2] and [13, 3.2]. When k = C, this can be interpreted in 
terms of the Hodge filtration as a map H'^^°{X, C) O^/^, H°'^{X, C). 

It is known (see [9]) that V is the cohomology boundary map associated to the 
fundamental short exact sequence — >■ (8> Ox — >■ i^x ~^ ^x/k ~^ ^- Twisting this 
short exact sequence by 0{t) yields a twisted version Vt : H^{X, 0^yj.(f)) — >■ f2j^ 
H^(X, 0(t)). We see from Lemma 2.8 that the direct sum of the Vt is a component 
of the cohomology boundary map associated to — t- O^ (g) Oy — > ~^ ^y/k ~^ ^' 
it follows that ©Vt is J?-linear. 

Since O^^^ = 0, we have fundamental exact sequences for each i: 

(3.3) O^ O Ox{t) nicit) ® ^x/ki*) 0- 

The cohomology boundary maps are the fc-linear homomorphisms 

® H^iX, ^]c,kit)) ^ ® H\X, 0{t)). 

The sum of the Vt is again i?-linear, as the sum of the sequences (3.3) is i?-linear. 
Alternatively, we can use the fact that the arithmetic Gauss-Manin connection can 

be extended via the usual formula Vt (w (g x) ~ duj®x + (— l)*~^cj A Vt(a;), and the 
first term vanishes because it is in a lower part of the Hodge filtration. 
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Lemma 3.4. If X is a smooth curve and i > 1, there is a graded exact sequence 
of R-modules, the sum over t > of the exact sequences 



Moreover, we have the identity 



ni ® {X, Ox m ^ {X, n\ it)) ^ 0. 



for to e and X G n]^,k{t)) 



Proof. This is just the cohomology exact sequence for (3.3), together with Serre 
Duality, which says that H'^{X, = H^{X, Ox{-t)) = for all t > 0. 

To prove that the boundary map is V, let be a cover of X by afSne open 
subschemes and consider the exact sequence of Cech complexes associated to (3.3). 
We have C{U, Ox{t)) = » C{U, Ox{t)) and 



^n'x{t)) = ^i-'®c{u,n],/,{t)). 



Let w G Ojr^ and x G i?°(X, 17^/ Jt)) = H°C{U,Vt\/^{t)). If y G C{U,Vl\{t)) 

maps to X, then 5{y) is in CiTJ, 0{t)) and represents V(x). Since u) /\y lifts 
Lo X, V(ix) ® x) is the class of 5{uj A y) in Oj. H^(X, f2^/j^.). Since w is globally 
defined, we have 5{oj Ay) = w A S{y). □ 

Proposition 3.5. //X is a smooth curve, we have graded exact sequences 

®tH'{x,n],^,{t)) ^ 



image Ul 



0; 



R/k 



,H°{x,a],^^{t)) 



image f2^+^ 



«.(©t/fi(X, Ox(t)) 



r/ie direci sums are taken from t = 1 to oo. 



Proof. This follows from the exact sequence of Lemma 3.4, using the formulas 
jr("+2)(i?)t ^ H^{X,n^^+\t)) and Kl;Xi'\R)t = i/°(X,r!J+i(i))/ini(r!^+i)^ of 
Propositions 2.11 and 2.12, once we observe that the first map of Lemma 3.4 factors 
through ri^. This is because it is a quotient of (8) i? — >■ 7r*(f2y) = H^{Y, ^ly), 



which factors as fil (8> i? ^\ 



7r*(r2y). 



□ 



Example 3.6. If X is a curve definable over a number field contained in k, then the 
Fundamental Sequence (3.3) (with i = 1 and t = 0) splits as fl], 



by the Kiinneth formula. This implies that fix — ^^^^ 



X - 



®{ni(E)Ox), 



so 



the Gauss-Manin connection V of Lemma 3.4 vanishes and therefore: 

®,H°{x,n],,,it)) 



n>l; 



image 

/i:^"+2)(ii) = 0^+1 [®tH\X, Ox{t))] ^ ® K_i{R), n>0. 
Of course, the formula for K^~^^\r) reduces to that of Proposition 3.2(c). 
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The formula for Kq (R) clarifies the examples given by Srinivas in [17]. There 
it was shown that if X is definable over a number field, then KqIR) maps onto 
nl (g) H^{X, (see page 264). From this Srinivas deduced that if /c = C and 

H\X,Ox{l)) 7^ then ^o(^) 7^ 0. 

(2) 

The description of Kq{FV) =Z® Kq '{R) in this special case was independently 
discovered by Krishna and Srinivas [11]. 

Lemma 3.7. For any graded algebra R = k ® Ri ® ■ ■ ■ , the degree 1 part of 
decomposes as 

^ {Ri ® fffe) ® {^^^ ® Ri). 

The inclusions o/iii(8>Oj. andO,]^^iSiRi are given hyr^io i->- ruj andu^r i->- ujAdr, 
respectively. 

Proof. We may suppose for simplicity that N = dim(i?i) is finite, so that the 
polynomial ring S = k[xi, . . . ,xn] maps to R, and 5 ^ i? is an isomorphism in 
degree 1. For every subfield £ of k, f^^/^ is the cokernel of the Hochschild boundary 



R (Sit R; thus the map n\ 



s/e 



therefore so is ri^y^ — > i^^/^- Since = {nj. ® S*) ® ^^5/^., it is easy to check that 



is an isomorphism in degree 1, and 
5 5*)® ^s/k^ easy to check that 
5*1, via the given formulas. □ 



the degree 1 part of is (SSi)®^^ ^ 

Theorem 3.8. Let X be a curve of genus g, embedded in by a complete linear 
system of degree d > 1. Assume that the twisted Gauss-Manin connection V : 
if°(X,f2^/^(l)) H^{X,Ox{l)) is zero. Then k[^\R)i ^ k'^+s-'^ ^ 0, 

and 

K^:'+'\R)i = f^r' (n > 1). 

^(n+l) 



In particular, Kn (R) ^ for all n with 1 < n < tr. deg. 
Proof. By Proposition 2.12, the degree 1 part of kIi''^^\r) is 

= coker((r!'A/dff^-i)i ^ 17^(1))). 
By Lemmas 3.7 and 3.4, and our hypothesis, we have morphisms of exact sequences 



0- 



0- 



id 
id 

■Vll^Ri 



®Ri 



-^0 



■H\X,n\{l)) 



,H\x,n\,^{i))^Q 



where the bottom vertical maps are given in Lemma 2.8 as the quotients by 
di?°(X,n"-i(l)) and fi^"^ (g) dRi. It follows that the right vertical composite 

is zero. Hence which is the cokernel of the middle vertical composite, 

is isomorphic to ^ll'^ ®H^{X,n]^/^{l)). Finally, dimH^{X,n]^/f^{l))) =d + g-l 
by Riemann-Roch. □ 



Example 3.9. Here are two cases in which the hypotheses of Theorem 3.8 above are 
satisfied: 
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(a) X is embedded in by a complete linear system of degree d > 2g — 1. 
In this case deg(f2^/fc(-l)) < 0, so H^{X,0{t)) = for all i > 1 by Serre 
duality. Theorem 3.8 improves the result of Srinivas in [19] that if > 2g+l 
then Ki{R)^0. 

(b) X is definable over a number field contained in k. 

4. if-THEORY OF THE PLANE CONIC 

We conclude with a classical example: X is the plane conic with homogeneous 
coordinate ring R = k[x, y, z]/ {z^ — xy). This curve is a degree 2 embedding of P^. 
in P^; as pointed out in Remark 2.13, our line bundle Ox{t) is the usual Opi (2t). 

Murthy observed long ago, in [15, 5.3], that Ko{R) = Z and K_i{R) = 0; this 
also follows from our Theorem 2.1. Srinivas proved in [19] that Ki(R) surjects onto 
k. Theorem 4.3 below gives a complete calculation of K^{R), or rather, K^{R) = 
K,{R)/K,{k). 

Lemma 4.1. For R = k[x,y,z]/{z'^ — xy), f^^^j. is a torsionfree R-module, 

Proof. As i? is a normal complete intersection, a theorem of Vasconcelos ([21, 2.4]) 
says that il]^ is a torsionfree _R-module. As such, it is a graded submodule of f^J^jj^/j.] . 
From the factorization Spec(i?[l/a;]) — > F — > Spec(i?), we see that the graded 
map f2^/j, H°{Y,fly^i,) is an injection. Since R/k A fi^y^ -)• if°(y, fiy^^) 
is an injection with cokernel ©tiJ°(X, ri[^yj,(t)) by Lemma 2.8, we are reduced to 
comparing the Hilbert functions of both sides. 

It is easy to show that dim(i?t) = 2t + 1 for all t > 0. From the resolution 

R{-2) -R(-l)^ ^R/k 0> compute that dim(ri^y^)t is 3 for t = 1 
and At ioi t > 2. By Riemann-Roch, we have dim H^{X,Q,^^i_{t)) = 2t — 1 for 
t > 0. By Lemma 2.8, this yields: 

dim H°{Y, f^^^/Jt = dim H°{X, n]^/k{t)) + dim Rt = {2t - 1) + {2t + 1) = 4t. 
This shows that (^i}j/fc)t = Rt® H^{X, when i > 2, as desired. □ 

Rem,ark 4.1.1. Since fl]^ is torsionfree, the exact sequence (1.9a) shows that d : 
torsr2|,yj, = ri'^yj, ^ k. In fact, the 2-form r = z dx A dy + 2y dx A dz has xt = 
yr = ZT ^ and dr — dx Ady A dz. 

(i) 

Lemma 4.2. For R = Q[x, y, z]/{z^ - xy) and n>2, HC\^ (R) is Qifn = 2i-2 
and zero otherwise. For Rk = R®k, HC^ {Rk) is f^^, where p — 2i — n — 2. 

Proof. The calculation of H&n' (R) is taken from [14, Thms. 2-3] , using the elemen- 
tary calculation that fi^ = Q for n > 3 and exactness of the augmented Poincare 
complex Q fljj for n = 2, 3. The second sentence follows using the base change 
formula of [8, (3.2)]. □ 

Theorem 4.3. For Rk = k[x, y, z]/ {z"^ — xy) and all n, we have 

Kn{Rk) = f^r' ® ^r'' ® ^r^ ® ■ • ■ • 

In particular, Ki{Rk) = Ki{k) k and K2{Rk) = K2{k) ® fll- 
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Proof. By Proposition 3.2(a) and Lemma 4.2, we see that Kn {R) is ^ 
for all j > 0. By Theorem 1.15 and Remark 4.1.1, we have K^\Rq) = k and 
K^\Rq) = forn 7^ 3. By Proposition 3.2(b) this implies that K^\Rk) = O^"^ 
for all n 7^ 3. By Proposition 3.5 and Lemma 4.1, we have Kl (Rk) = k. By 
Proposition 3.2, this implies that K^'^'^^^R) = fij!"^ for all n > 1. Finally, by 
Proposition 2.12 we have K^~^'^\Rk)t = H^{Xk,^^^{t)), which vanishes for all 
n, t > 1 as it is the sum of (g) H^{X,fl^{t)), which vanishes by Serre Duality, 
and H\X, Ox{t)), which vanishes as X = P^. □ 

Remark 4.3.1. When k is algebraic over Q, the formulas in Theorem 4.3 reduce to: 

Kn{Rk) = Q for n > 1 odd, and Kn{Rk) = otherwise. 

Acknowledgements. The authors would like to thank James Lewis for pointing 
out the relation to the arithmetic Gauss-Manin connection. 
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